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LINEAR POLYNOMIAL FOR THE REGULARITY OF POWERS OF
EDGE IDEALS OF VERY WELL-COVERED GRAPHS
A. V. JAYANTHAN AND S. SELVARAJA
Abstract. Let G be a finite simple graph and I(G) denote the corresponding edge
ideal. In this paper we prove that if G is a very well-covered graph then for all s ≥ 1 the
regularity of I(G)s is exactly 2s+ ν(G) − 1, where ν(G) denotes the induced matching
number of G.
1. Introduction
Let R = K[x1, . . . , xn] be a polynomial ring over a field K with the standard grading
(i.e., deg(xi) = 1 for i = 1, . . . , n). The Castelnuovo-Mumford regularity (or simply,
regularity) of a finitely generated non-zero graded R-module M , denoted by reg(M), is
defined to be the least integer m for which we have for every j, the jth syzygy of M is
generated in degrees ≤ m + j. For a homogeneous ideal I of R, the behavior of Is for
s ≥ 2 is studied in various contexts. It was proved by Cutkosky, Herzog and Trung, [9],
and independently by Kodiyalam [23], that for a homogeneous ideal I in a polynomial
ring, reg(Is) is given by a linear function for s≫ 0, i.e., there exist non-negative integers
a, b, s0 such that
reg(Is) = as+ b for all s ≥ s0.
They also proved that a ≤ deg(I), where deg(I) denotes the maximal degree of a minimal
generator. Finding exact values of b and s0 are non-trivial tasks, even for monomial ideals,
(see, for example, [7], [17]). There have been some attempts on computing the exact
form of this linear function and the stabilization index s0 for several classes of ideals,
see for example [4], [6], [10], [11], [16]. In this paper, we obtain the linear polynomial
corresponding to the regularity of powers of edge ideals of very well-covered graphs.
Let G be a finite simple (no loops, no multiple edges) undirected graph on the vertex set
V (G) = {x1, . . . , xn}. Let K[x1, . . . , xn] be the polynomial ring in n variables, where K is
a field. Then the ideal I(G) generated by {xixj | {xi, xj} ∈ E(G)} is called the edge ideal
of G. For a graph G, there exist integers b and s0 such that reg(I(G)
s) = 2s + b for all
s ≥ s0. Our objective in this paper is to find b and s0, for certain class of graphs, in terms
of combinatorial invariants of the graph G. Regularity of edge ideals and their powers
have been studied by several authors and bounds on regularity have been computed, (see,
for example, [1], [2], [3], [5], [19], [21], [25], [27], [28], [29]).
In [13], Gitler and Valencia proved that if G is a well-covered graph without isolated
vertices, then ht(I(G)) ≥ |V (G)|
2
. In this paper, we consider the class of graphs for
1991 Mathematics Subject Classification. AMS Classification 2010: 13D02, 13F20, 05C70, 05E40.
Key words and phrases. Castelnuovo-Mumford regularity, Edge ideals, Very well-covered graphs.
1
2 A. V. JAYANTHAN AND S. SELVARAJA
which the above inequality is an equality, namely very well-covered graphs. The Cohen-
Macaulayness, regularity and projective dimension of very well-covered graphs have al-
ready been looked into by several authors, [8], [22], [24], [28], [30]. Since the class of very
well-covered graphs contains unmixed bipartite graphs, whiskered graphs and grafted
graphs (see [8], [12]), it is interesting in the algebraic sense as well.
The regularity of powers of edge ideals of unmixed bipartite graphs have been studied
by Jayanthan et al., [21]. They showed that if G is an unmixed bipartite graphs, then
reg(I(G)s) = 2s + ν(G) − 1 for all s ≥ 1. Mahmoudi et al., [24], showed that for a very
well-covered graph G, reg(I(G)) = ν(G) + 1, where ν(G) denotes the induced matching
number of G. Since unmixed bipartite graphs are very well-covered graphs, it is natural
to ask if the same result generalizes to very well-covered graphs. Recently, Norouzi et
al. showed that if G is a very well-covered graph with odd-girth(G) ≥ 2k + 1, then
reg(I(G)s) = 2s+ ν(G)− 1, for 1 ≤ s ≤ k − 2, [28].
The main result of this paper is the following:
Theorem 1.1. (Theorem 4.8) Let G be a very well-covered graph. Then for all s ≥ 1,
reg(I(G)s) = 2s+ ν(G)− 1.
Therefore, for this class of graphs, we have b = ν(G)− 1 and s0 = 1. As an immediate
consequence, we get that the above equality holds for an unmixed bipartite graphs and
whiskered graphs.
Our paper is organized as follows. In Section 2, we collect the necessary notation,
terminology and some results that are used in the rest of the paper. The main tool in
obtaining reg(I(G)s+1) is a result of Banerjee which gives an upper bound on reg(I(G)s+1)
in terms of reg((I(G)s+1 : M)) and reg(I(G)s), where M is minimal generator of I(G)s.
In Section 3, we prove that the regularity of (I(G)s+1 : M) is bounded above by ν(G)+1,
when (I(G)s+1 : M) is squarefree. We study the case when (I(G)s+1 : M) has square
monomial generators in Section 4 and show that in this case also, the regularity is bounded
above by ν(G) + 1. Using these upper bounds, we prove our main result.
2. Preliminaries
Throughout this paper, G denotes a finite simple graph without isolated vertices. For
a graph G, V (G) and E(G) denote the set of all vertices and the set of all edges of G
respectively. A subgraph H ⊆ G is called induced if for u, v ∈ V (H), {u, v} ∈ E(H) if
and only if {u, v} ∈ E(G). For {u1, . . . , ur} ⊆ V (G), let NG(u1, . . . , ur) = {v ∈ V (G) |
{ui, v} ∈ E(G) for some 1 ≤ i ≤ r} and NG[u1, . . . , ur] = NG(u1, . . . , ur) ∪ {u1, . . . , ur}.
For U ⊆ V (G), define G \U to be the induced subgraph of G on the vertex set V (G) \U .
A matching in a graph G is a collection of pairwise disjoint edges. A matching M of a
graph G is called an induced matching if no two edges of M are joined by an edge of G.
The largest size of an induced matching in G is called its induced matching number and
denoted by ν(G). A subset X of V (G) is called an independent set if {x, y} /∈ E(G) for
x, y ∈ X . An independent set is said to be a maximal independent set if it is maximal,
with respect to inclusion, among the independent sets.
A subset M ⊆ V (G) is a vertex cover of G if for each e ∈ E(G), e ∩M 6= ∅. If M is
minimal with respect to inclusion, then M is called a minimal vertex cover of G. A graph
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G is called unmixed (also called well-covered) if all minimal vertex covers of G have the
same number of elements.
A graph G is called very well-covered if it is unmixed without isolated vertices and with
ht(I(G)) = |V (G)|
2
. The following is a useful result on very well-covered graphs that allow
us to assume certain order on their vertices and edges.
Lemma 2.1. [14, Corollary 3.2] Let G be a very well-covered graph with 2h vertices. Then
there is a relabeling of vertices V (G) = {x1, . . . , xh, y1, . . . , yh} such that the following two
conditions hold:
(1) X = {x1, . . . , xh} is a minimal vertex cover of G and Y = {y1, . . . , yh} is a
maximal independent set of G;
(2) For all 1 ≤ i ≤ h, {xi, yi} ∈ E(G).
The concept of even-connectedness was introduced by Banerjee in [3]. This has emerged
as a fine tool in the inductive process of computation of asymptotic regularity. We recall
the definition and some of its important properties from [3].
Definition 2.2. Let G be a graph. Two vertices u and v (u may be same as v) are said
to be even-connected with respect to an s-fold products e1 · · · es, where ei’s are edges of G,
not necessarily distinct, if there is a path p0p1 · · · p2k+1, k ≥ 1 in G such that:
(1) p0 = u, p2k+1 = v.
(2) For all 0 ≤ ℓ ≤ k − 1, p2ℓ+1p2ℓ+2 = ei for some i.
(3) For all i, | {ℓ ≥ 0 | p2ℓ+1p2ℓ+2 = ei} | ≤ | {j | ej = ei} |.
(4) For all 0 ≤ r ≤ 2k, prpr+1 is an edge in G.
The next theorem describes the minimal generators of the ideal (I(G)s+1 : M), where
M is minimal generator of I(G)s for s ≥ 1.
Theorem 2.3. [3, Theorem 6.1 and Theorem 6.7] Let G be a graph with edge ideal
I = I(G), and let s ≥ 1 be an integer. Let M be a minimal generator of Is. Then
(Is+1 : M) is minimally generated by monomials of degree 2, and uv (u and v may be the
same) is a minimal generator of (Is+1 : M) if and only if either {u, v} ∈ E(G) or u and
v are even-connected with respect to M .
Polarization is a process to obtain a squarefree monomial ideal from a given monomial
ideal.
Definition 2.4. Let M = xa11 · · ·x
an
n be a monomial in R = K[x1, . . . , xn]. Then we
define the squarefree monomial P (M) (polarization of M) as
P (M) = x11 · · ·x1a1x21 · · ·x2a2 · · ·xn1 · · ·xnan
in the polynomial ring S = K[xij | 1 ≤ i ≤ n, 1 ≤ j ≤ ai]. If I = (M1, . . . ,Mq) is an ideal
in R, then the polarization of I, denoted by I˜, is defined as I˜ = (P (M1), . . . , P (Mq)).
For various properties of polarization, we refer the reader to [18]. In this paper, we
repeatedly use one of the important properties of the polarization, namely:
Corollary 2.5. [18, Corollary 1.6.3(a)] Let I be a monomial ideal in K[x1, . . . , xn]. Then
reg(I) = reg(I˜).
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3. Bounding the regularity: The squarefree monomial case
We obtain the asymptotic expression for the regularity by using induction and [3,
Theorem 5.2] which says that reg(I(G)s+1) ≤ max
M
{reg(I(G)s+1 : M) + 2s, reg(I(G)s)},
where M is a minimal monomial generator of I(G)s. For this purpose, one needs to
compute reg(I(G)s+1 : M). In this section, we obtain an upper bound for the regularity
of (I(G)s+1 : M), when (I(G)s+1 : M) is squarefree. We first fix certain set-up for the
class of graphs that we consider throughout this paper.
Set-up 3.1. Let G be a graph with 2h vertices, none of which are isolated and V (G) =
X ∪ Y , where X = {x1, . . . , xh} is a minimal vertex cover of G and Y = {y1, . . . , yh} is
a maximal independent set of G such that {xi, yi} ∈ E(G), for all 1 ≤ i ≤ h.
The following result is being used repeatedly in this paper:
Lemma 3.2. [8, Proposition 2.3] Let G be a graph as in Set-up 3.1. Then G is a very
well-covered if and only if the following conditions hold:
(1) if {zi, xj}, {yj, xk} ∈ E(G), then {zi, xk} ∈ E(G) for distinct i, j, k and for zi ∈
{xi, yi};
(2) if {xi, yj} ∈ E(G), then {xi, xj} /∈ E(G).
We make an observation which follows directly follows from the Lemma 3.2.
Observation 3.3. If G is a very well-covered graph as in Set-up 3.1, then for any 1 ≤
i ≤ h, G \NG[xi, yi], G \NG[xi] and G \ {xi, yi} are very well-covered.
We begin by showing that if we start with a very well-covered graph, then we may make
certain relabelling of the vertices with the hypotheses of Set-up 3.1 being preserved.
Lemma 3.4. Let G be a very well-covered graph satisfying Set-up 3.1. For an i ∈
{1, . . . , h}, let NG(xi) \X = {yi1, . . . , yit}, for some 1 ≤ i1, . . . , it ≤ h. Let
X ′ =
{
x′j | j ∈ {1, . . . , h}, x
′
j =
{
yj if j ∈ {i1, . . . , it}
xj otherwise
}
and Y ′ = V (G) \X ′. Let G1 denote the graph with the above relabelling. Then G1 with
V (G1) = X
′ ∪ Y ′ satisfies Set-up 3.1 and the properties (1) and (2) of Lemma 3.2.
Proof. Let X ′ = {a1, . . . , ah} and Y
′ = {b1, . . . , bh}. First we claim that Y
′ is a maximal
independent set of G1. Suppose not, then there exists an edge {bp, bq} ∈ E(G1). Since
G is a very well-covered, at least one of bp and bq is in {xj1 , . . . , xjt}. Suppose bp, bq ∈
{xj1, . . . , xjt}. Let bp = xjr and bq = xjr′ . We have {xi, yjr}, {xi, yjr′}, {xjr , xjr′} ∈
E(G). Since G is a very well-covered graph, there is an edge {xi, xj
r′
} in G. This
contradicts Lemma 3.2(2). Suppose bq = xjr ∈ {xj1, . . . , xjt} for some 1 ≤ r ≤ t and
bp /∈ {xj1, . . . , xjt}. Therefore, {xi, yjr} ∈ E(G). Since G is a very well-covered and
{xi, yjr}, {xjr , bp} ∈ E(G), we have {xi, bp} ∈ E(G), i.e., bp ∈ {xj1, . . . , xjt}, which is
a contradiction to the assumption that bp /∈ {xj1, . . . , xjt}. Therefore Y
′ is a maximal
independent set in G1. Hence, X
′ is a minimal vertex cover of G1. 
In the Lemma 3.4, we have shown that we may conveniently swap some of the xi’s and
yi’s preserving the hypotheses of Set-up 3.1 and the properties (1) and (2) of Lemma 3.2.
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However, arbitrary swapping of xi’s and yi’s may not preserve the hypotheses of Set-up
3.1 as can be seen from the following example.
Example 3.5. Let G be the very well-covered graph on {x1, x2, x3, y1, y2, y3} as given in
the figure below.
x1 y1
x2 y2
x3 y3
x1 y1
x′2 y
′
2
x3 y3
x1 y1
x2 y2
x′3 y
′
3
G G1 G2
Let G1 be the graph obtained from G
by swapping the vertices x2 and y2,
i.e., V (G1) = X
′ ∪ Y ′, where X ′ =
{x1, x
′
2, x3} and Y
′ = {y1, y
′
2, y3}, where
x′2 = y2 and y
′
2 = x2.
We can see that Y ′ is not an independent set of G1 and hence G1 does not satisfy the
Set-up 3.1. The third graph, G2, is obtained by swapping the vertices x3 and y3. Note
that NG(x2) \X = {y3}. In this case, by taking X
′ = {x1, x2, x
′
3} and Y
′ = {y1, y2, y
′
3}, it
can be seen that G2 satisfies the Set-up 3.1.
We now show that adding edges between even-connected vertices preserves the very
well-covered property of a graph, provided there are no vertices which are even-connected
to itself.
Theorem 3.6. Let G be a very well-covered graph with 2h vertices. If for some e ∈ E(G),
the ideal (I(G)2 : e) is squarefree, then G′ is a very well-covered graph, where G′ is the
graph associated to (I(G)2 : e).
Proof. By Lemma 2.1, there is a relabeling of vertices V (G) = X ∪Y such that G satisfies
the Set-up 3.1, where X = {x1, . . . , xh} and Y = {y1, . . . , yh}. Suppose e = {xn, yn}, for
some 1 ≤ n ≤ h. If u and v are even-connected with respect to {xn, yn}, then by Lemma
3.2, {u, v} ∈ E(G). Therefore by Theorem 2.3 (I(G)2 : e) = I(G) so that G′ is a very
well-covered graph.
Suppose e = {xn, ym}, for some 1 ≤ n,m ≤ h. Note that G
′ also satisfies Set-up 3.1.
We need to show that, G′ satisfies Lemma 3.2(1)-(2). If {zi, xj}, {yj, xk} ∈ E(G), then
by Lemma 3.2, {zi, xk} ∈ E(G). Therefore {zi, xk} ∈ E(G
′). Suppose {zi, xj} ∈ E(G)
and {yj, xk} ∈ E(G
′) \ E(G). Let yjp1p2xk be an even-connection in G with respect
to {p1, p2} = e. Since {zi, xj} and {yj, p1} are in E(G) and G is very well-covered,
{zi, p1} ∈ E(G). Hence zip1p2xk is an even-connection in G with respect to e so that
{zi, xk} ∈ E(G
′). Similarly we can prove that, if {zi, xj} ∈ E(G
′) \ E(G) and {yj, xk} ∈
E(G), then {zi, xk} ∈ E(G
′). Suppose {zi, xj}, {yj, xk} ∈ E(G
′) \E(G). Let zip1p2xj and
yjq1q2xk be an even-connection in G with respect to e = {p1, p2} = {q1, q2}. If p1 = q1,
then there is an even-connection zi(p1 = q1)q2xk in G with respect to e. Suppose p1 = q2.
Then {p2, xj} ∈ E(G) and {yj, p2} ∈ E(G). This contradicts the fact that G is a very
well-covered graph. Therefore {zi, xk} ∈ E(G
′).
Now we show that if {xi, yj} ∈ E(G
′), then {xi, xj} /∈ E(G
′). Suppose {xi, yj} ∈ E(G)
and {xi, xj} ∈ E(G
′). Note that {xi, xj} /∈ E(G). Let xip1p2xj be an even-connection inG
with respect to e = {p1, p2}. Since {xi, yj}, {xj, p2} ∈ E(G), {xi, p2} ∈ E(G). Then there
is an even-connection xip1p2xi in G with respect to e. Therefore x
2
i ∈ (I(G)
2 : e), which is
a contradiction. Therefore, {xi, xj} /∈ E(G
′). Suppose {xi, xj}, {xi, yj} ∈ E(G
′) \ E(G).
Therefore, there exist even-connections, xip1p2xj and xiq1q2yj. If p1 = q1, then there
exist edges {p2, xj} and {p2, yj} in E(G) which contradicts the assumption that G is very
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well-covered. If p1 = q2, then there exists an even-connection xip2p1xi. Therefore, x
2
i ∈
(I(G)2 : e) which contradicts the assumption that (I(G)2 : e) is a squarefree monomial
ideal. Hence G′ is a very well-covered graph.
Suppose e = {xn, xm}, for some 1 ≤ n,m ≤ h and NG(xm) \ X = {yj1, . . . , yjt}. Let
X ′ and Y ′ be as in Lemma 3.4. Let G1 denote the graph with the above relabelling. By
Lemma 3.4, V (G1) = X
′ ∪ Y ′ satisfies Set-up 3.1 and Lemma 3.2. Let e′ denote the edge
e after relabelling. Then e′ = {xn, ym}. Since I(G1) is obtained from I(G) by relabelling
certain variables, it follows that (I(G1)
2 : e′) is also a squarefree monomial ideal. Let
G′1 be the graph associated to (I(G1)
2 : e′). By previous case, G′1 is a very well-covered
graph. Since G′1 is also obtained by relabelling of certain vertices of G
′, it follows that G′
is a very well-covered graph. 
The below example shows that if (I(G)2 : e) is not squarefree, then the assertion of the
Theorem 3.6 need not necessarily be true.
Example 3.7. Let
I = (x1y1, x2y2, x3y3, x4y4, x1x2, x1x4, x1y3, x2y3, x2x4, x3x4) ⊂ R = K[x1, . . . , x4, y1, . . . , y4]
and G be the associated graph. By Lemma 2.1, G is a very well-covered graph. It can be
seen that x24, y
2
3 ∈ (I
2 : x1x2) and that
I(G′) = ( ˜I2 : x1x2) = I + (y1y2, y1x4, y1y3, y2x4, y2y3, y3x4, x4z2, y3z1) ⊆ R[z1, z2].
Since p = (x1, y2, y3, x4) and q = (x1, x2, x3, y1, y2, y3, y4, z2) are minimal prime ideals of
I(G′), G′ is not a very well-covered graph.
Theorem 3.8. Let G be a graph and e1, . . . , es, s ≥ 1 be some edges of G which are not
necessarily distinct. Suppose (I(G)s+1 : e1 · · · es) is squarefree ideal. For 1 ≤ i ≤ s,
(I(G)s+1 : e1 · · · es) = ((I(G)
2 : ei)
s :
∏
i 6=j
ej).
Proof. This result has been proved for bipartite graphs in [1, Lemma 3.7]. In our case,
the assumption that (I(G)s+1 : e1 · · · e2) is squarefree implies that there are no odd cycles
in the even-connections. Using this property, one can see that their proof goes through
in our case as well. 
In [21, Theorem 4.1], it was proved that if G is an unmixed bipartite graph, then so is
G′, the graph associated to (I(G)s+1 : e1 · · · es). As a consequence of the above results,
we generalize this to the case of very well-covered graphs G with (I(G)s+1 : e1 · · · es)
squarefree.
Corollary 3.9. (with hypothesis as in Theorem 3.8). If G is a very well-covered graph,
then so is the graph G′ associated to (I(G)s+1 : e1 · · · es), for every s-fold product e1 · · · es
and s ≥ 1.
Proof. We prove that G′ is very well-covered by induction on s. If s = 1, then the assertion
follows from Theorem 3.6. Assume by induction that for any very well-covered graph H
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and edges f1, . . . , fs−1 with (I(H)
s : f1 · · · fs−1) a squarefree monomial ideal, the graph
associated to (I(H)s : f1 · · · fs−1) is very well-covered. By Theorem 3.8 we have
(I(G)s+1 : e1 · · · es) = ((I(G)
2 : ei)
s :
∏
i 6=j
ej).
Note that (I(G)2 : ei) is squarefree monomial ideal. Let H be the graph associated to
(I(G)2 : ei). By the case s = 1, H is a very well-covered graph. Therefore, by induction,
the graph associated to ((I(G)2 : ei)
s :
∏
i 6=j ej) is a very well-covered graph. 
We finally obtain an upper bound for the regularity in the squarefree case:
Corollary 3.10. (with hypothesis as in Theorem 3.8). Let G be a very well-covered graph.
Then
reg((I(G)s+1 : e1 · · · es)) ≤ ν(G) + 1.
Proof. Let G′ be the graph associated to (I(G)s+1 : e1 · · · es). By Corollary 3.9, G
′ is a
very well-covered graph. Therefore,
reg((I(G)s+1 : e1 · · · es)) = ν(G
′) + 1 (by [24, Theorem 4.12])
≤ ν(G) + 1. (by [21, Proposition 4.4])

4. Regularity of powers of edge ideals of very well-covered graphs
In this section, we obtain an upper bound for the regularity of (I(G)s+1 : e1 · · · es)
when this is not a squarefree monomial ideal. Using these results we prove the main
theorem, namely, the asymptotic expression for the regularity of powers of edge ideals of
very well-covered graphs.
Set-up 4.1. Let G be a very well-covered graph with 2h vertices and V (G) = {x1, . . . , xh,
y1, . . . , yh} satisfying Lemma 2.1(1 - 2). By Theorem 2.3 and Definition 2.4, ˜(I(G)s+1 : e1 · · · es)
is a quadratic squarefree monomial ideal in an appropriate polynomial ring. Let G′ be the
graph associated to ˜(I(G)s+1 : e1 · · · es).
If (I(G)s+1 : e1 · · · es) is not squarefree, then there will be new vertices along with new
edges in G′ and hence it need not necessarily be a very well-covered graph, see Example
3.7. Our aim in this section is to get an upper bound for reg(I(G′)). For this purpose, we
need to get more details about the structure of the graph G′. With this aim in mind, in
the next three Lemmas, we describe some of the edges that are in G′ which are possibly
not in G.
Lemma 4.2. Let the notation be as in Set-up 4.1. For ti ∈ {xi, yi}, if tixj and yjxk ∈
I(G′), then either tixk ∈ I(G
′) or tiyj ∈ I(G
′) for distinct i, j, k.
Proof. Suppose {ti, xj} ∈ E(G). If {yj, xk} ∈ E(G), then by Lemma 3.2, {ti, xk} ∈ E(G).
Suppose yj and xk are even-connected with respect to e1 · · · es in G. For some r
′ ≥ 1,
let (yj = p0)p1 · · · p2r′(p2r′+1 = xk) be an even-connection in G. Since {ti, xj}, {yj, p1} ∈
E(G), by Lemma 3.2, {ti, p1} ∈ E(G). Then there is an even-connection tip1 · · · (p2r′+1 =
xk) with respect to e1 · · · es in G. Therefore, {ti, xk} ∈ E(G
′). Similarly we can prove
that, if {ti, xj} ∈ E(G
′) \E(G) and {yj, xk} ∈ E(G), then {ti, xk} ∈ E(G
′).
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Suppose {ti, xj}, {yj, xk} ∈ E(G
′) \ E(G). For some r1 ≥ 1 and r2 ≥ 1, let
(ti = q0)q1 · · · q2r1(q2r1+1 = xj) and (yj = s0)s1 · · · s2r2(s2r2+1 = xk)
be even-connections with respect to e1 · · · es inG. Suppose {s2α+1, s2α+2} and {q2β+1, q2β+2}
do not have common vertices, for all 0 ≤ α ≤ r2 − 1 and 0 ≤ β ≤ r1 − 1. Since
{q2r1 , xj}, {yj, s1} ∈ E(G), {q2r1 , s1} ∈ E(G). Then there is an even-connection (ti =
q0)q1 · · · q2r1s1 · · · s2r2(s2r2+1 = xk) with respect to e1 · · · es in G. If for some 0 ≤ α ≤ r2−1,
0 ≤ β ≤ r1−1, {s2α+1, s2α+2} and {q2β+1, q2β+2} have a common vertex, then by [3, Lemma
6.13], ti is even-connected to either yj or xk with respect to e1 · · · es in G. Therefore either
{ti, yj} ∈ E(G
′) or {ti, xk} ∈ E(G
′). 
Lemma 4.3. Let the notation be as in Set-up 4.1. Suppose (u = p0)p1 · · · p2k(p2k+1 = v)
is an even-connection in G with respect to e1 · · · es, for some k ≥ 1. If {w, pi} ∈ E(G
′),
for some 0 ≤ i ≤ 2k + 1, then either {u, w} ∈ E(G′) or {v, w} ∈ E(G′).
Proof. If i = 0, 2k+1, then we are done. Assume that i = 2j+1, for some j ≥ 0. For some
j ≥ 0, let (w = q0)q1 · · · (q2j+1 = pi) be an even-connection with respect to e1 · · · es in G.
If {q2α+1, q2α+2} and {p2β+1, p2β+2} do not have a common vertex, for all 0 ≤ α ≤ j − 1,
j ≤ β ≤ k − 1, then (w = q0)q1 · · · (q2j+1 = pi)pi+1 · · · (p2k+1 = v) is an even-connection
with respect to e1 · · · es in G. Therefore, wv ∈ I(G
′). If {q2α+1, q2α+2} and {p2β+1, p2β+2}
have a common vertex, for some 0 ≤ α ≤ j − 1, j ≤ β ≤ k − 1, then by [3, Lemma 6.13],
w is even-connected either to u or to v in G. Therefore either wu ∈ I(G′) or wv ∈ I(G′).
If i = 2j + 2, then proof is similar. 
In the next lemma, we further obtain more even-connected edges in G′. Let G be
a very well-covered graph as in Set-up 3.1. For u = xi or yi, set [u] = {xi, yi} and
NG[[u]] = NG[xi, yi].
Lemma 4.4. Let the notation be as in Set-up 4.1. Let u2 ∈ (I(G)s+1 : e1 · · · es). If
a ∈ (NG′([u] \ u) ∩ V (G)) and b ∈ NG[[u]], then {a, b} ∈ E(G
′).
Proof. Since u2 ∈ (I(G)s+1 : e1 · · · ss), we have an even-connection (p0 = u)p1 · · · p2k(p2k+1 =
u) with respect to e1 · · · es in G, for some k ≥ 1. Note that, since {p1, u}, {p2k, u} ∈ E(G),
if b ∈ NG([u] \ u), then p1 6= b and p2k 6= b. Therefore, (u = p0)p1 · · · p2kb and
(u = p2k+1)p2k · · · p1b are an even-connections in G so that {u, b} ∈ E(G
′). Hence, if
a = u, then {a, b} ∈ E(G′).
We now assume that a 6= u. Suppose {a, [u] \ u} ∈ E(G). If either b = u or b = [u] \ u,
then we are done. If b ∈ NG(u), then {a, b} ∈ E(G). Suppose b ∈ NG([u] \ u). Since we
have {u, b} ∈ E(G′), by the proof of Lemma 4.2, {a, b} ∈ E(G′).
Suppose {a, [u] \ u} ∈ E(G′) \ E(G). For some t ≥ 1, let (q0 = a)q1 · · · (q2t+1 = [u] \ u)
be an even-connection with respect to e1 · · · es in G. If {u, b} ∈ E(G), then by the proof
of Lemma 4.2, {a, b} ∈ E(G′). Suppose {[u]\u, b} ∈ E(G). Note that u is even-connected
to b with even-connections (u = p0)p1 · · · p2kb and (u = p2k+1)p2k · · · p1b with respect to
e1 · · · es in G. Suppose {p2λ+1, p2λ+2} 6= {q2λ′+1, q2λ′+2}, for all 0 ≤ λ ≤ k − 1, 0 ≤ λ
′ ≤
t− 1. Then either {p2λ+1, p2λ+2} ∩ {q2λ′+1, q2λ′+2} = ∅ or {p2λ+1, p2λ+2} ∩ {q2λ′+1, q2λ′+2}
is a vertex. In either case, it follows from the proof of Lemma 4.2 that {a, b} ∈ E(G′).
Suppose {p2λ+1, p2λ+2} = {q2λ′+1, q2λ′+2}, for some 0 ≤ λ ≤ k − 1, 0 ≤ λ
′ ≤ t− 1. Choose
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the smallest λ′ such that {p2λ+1, p2λ+2} = {q2λ′+1, q2λ′+2} for some 0 ≤ λ ≤ k − 1. If
p2λ+1 = q2λ′+1 and p2λ+2 = q2λ′+2, then there is an even-connection
(a = q0)q1 · · · (q2λ′+1 = p2λ+1)(q2λ′+2 = p2λ+2)p2λ+3 · · · p2kb
with respect to e1 · · · es in G. If p2λ+1 = q2λ′+2 and p2λ+2 = q2λ′+1, then there is an
even-connection
(a = q0)q1 · · · (q2λ′+1 = p2λ+2)(q2λ′+2 = p2λ+1)p2λ · · · p1b
with respect to e1 · · · es in G. Therefore {a, b} ∈ E(G
′).
If b = u and a ∈ (NG′([u] \ u) ∩ V (G)), then proceeding as in the previous case of the
proof, one can show that {a, b} ∈ E(G′). 
To get an upper bound for the regularity of I(G′), we need to bound the regularity of
certain induced subgraphs of G′. In the next two lemmas, we understand more closely
the structure of some of the induced subgraphs of G′. This, in turn, helps us during the
induction process.
Lemma 4.5. Let the notation be as in Set-up 4.1. Let y ∈ V (G) and H = G \NG[y]. If
{e1, . . . , es}∩E(H) = {ei1 , . . . , eit} and H
′ is the graph associated to ˜(I(H)t+1 : ei1 · · · eit),
then G′ \ NG′[y] is an induced subgraph of H
′. In particular, reg(I(G′ \ NG′[y])) ≤
reg(I(H ′)).
Proof. Let {u, v} ∈ E(G′ \ NG′ [y]). By Theorem 2.3, either {u, v} ∈ E(G) or u is an
even-connected to v in G with respect to e1 · · · es. If {u, v} ∈ E(G), then {u, v} ∈ E(H).
Let (u = p0)p1 · · · (p2k+1 = v) be an even-connection in G with respect to e1 · · · es for
some k ≥ 0. If pi ∈ NG′[y], for some 0 ≤ i ≤ 2k + 1, then by Lemma 4.3, y is even-
connected either to u or to v. This contradicts the assumption that {u, v} ∈ G′ \NG′ [y].
Therefore, for each 0 ≤ i ≤ 2k + 1, pi /∈ NG′[y]. Hence {u, v} ∈ E(H
′), which proves
G′ \NG′[y] is a subgraph of H
′. If a, b ∈ V (G′ \NG′ [y]) is such that {a, b} ∈ E(H), then
{a, b} ∈ E(G′ \NG′[y]). Hence G
′ \NG′[y] is an induced subgraph of H . The assertion on
the regularity follows from [20, Proposition 4.1.1]. 
It may be noted that, in the above proof, we did not really use the very well-covered
property of G. The result holds true for an arbitrary graph.
Lemma 4.6. Let the notation be as in Set-up 4.1. Let u2 ∈ (I(G)s+1 : e1 · · · es),
t ∈ (NG′([u] \ u)) ∩ V (G) and H = G \ NG[[u]]. Then G
′ \ NG′[t] is an induced sub-
graph of H ′, where {e1, . . . , es} ∩ E(H) = {ei1 , . . . , eik} and H
′ is the graph associated to
˜(I(H)k+1 : ei1 · · · eik). In particular, reg(I(G
′ \NG′ [t])) ≤ reg(I(H
′)).
Proof. Let {a, b} ∈ E(G′ \NG′ [t]). By Theorem 2.3, either {a, b} ∈ E(G) or a is an even-
connected to b inG with respect to e1 · · · es. Suppose {a, b} ∈ E(G). If {a, b}∩NG[[u]] = ∅,
then {a, b} ∈ E(H). If {a, b} ∩ NG[[u]] 6= ∅, then by Lemma 4.4, either {a, t} ∈ E(G
′)
or {b, t} ∈ E(G′). This is a contradiction to {a, b} ∈ E(G′ \ NG′ [t]). Therefore, if
{a, b} ∈ E(G), then {a, b} ∩NG[[u]] = ∅ and hence {a, b} ∈ E(H).
Suppose {a, b} ∈ E(G′) \ E(G). For r ≥ 1, let (a = q0)q1 · · · q2r(q2r+1 = b) be an even-
connection in G with respect to e1 · · · es. If qi ∈ NG[[u]], for some i, then by Lemma 4.4,
{t, qi} ∈ E(G
′). Therefore, by Lemma 4.3, either {t, a} ∈ E(G′) or {t, b} ∈ E(G′). This
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is a contradiction to the assumption that {a, b} ∈ E(G′ \NG′ [t]). Therefore qi /∈ NG[[u]],
for all 0 ≤ i ≤ 2r + 1 which implies that a is an even-connected to b in H with respect
to ei1 · · · eik , i.e., {a, b} ∈ E(H
′). Hence G′ \ NG′[t] is an induced subgraph of H
′. The
assertion on the regularity follows from [20, Proposition 4.1.1]. 
Now we prove that the regularity of I(G′) is bounded above by ν(G) + 1.
Theorem 4.7. Let G be a very well-covered graph and e1, . . . , es be edges of G, for some
s ≥ 1. Then,
reg((I(G)s+1 : e1 · · · es)) ≤ ν(G) + 1.
Proof. For any graph K, let
WK(e1 · · · es) =
{
u ∈ V (K) | u is an even-connected to itself in K with respect to e1 · · · es
}
.
Let G′ be the graph associated to ˜(I(G)s+1 : e1 · · · es) contained in an appropriate poly-
nomial ring R1 and |WG(e1 · · · es)| = r. We prove the assertion by induction on r.
If r = 0, then for any e1, . . . , es ∈ E(G), s ≥ 1, (I(G)
s+1 : e1 · · · es) is a squarefree
monomial ideal. Therefore, by Corollary 3.10,
reg((I(G)s+1 : e1 · · · es)) ≤ ν(G) + 1.
By induction, assume that if L is a very well-covered graph with |WL(f1 · · · fs)| < r for
f1, . . . , fs ∈ E(L), then reg((I(L)
s+1 : f1 · · ·fs)) ≤ ν(L) + 1.
Let G be a very well-covered graph with |WG(e1 · · · es)| = r for e1, . . . , es ∈ E(G).
Let G′ be the graph associated to ˜(I(G)s+1 : e1 · · · es), for some e1, . . . , es ∈ E(G). Set
WG(e1 · · · es) = {u1, . . . , ur}, [ur] \ ur = u
′
r, U = (NG′(u
′
r) ∩ V (G)) = {t1, . . . , tl} and
J = I(G′). It follows from the exact sequences
0 −→
R1
(J : t1)
(−1)
·t1−→
R1
J
−→
R1
(J, t1)
−→ 0;
0 −→
R1
((J, t1) : t2)
(−1)
·t2−→
R1
(J, t1)
−→
R1
(J, t1, t2)
−→ 0;
...
...
...
0 −→
R1
((J, t1, . . . , tl−1) : tl)
(−1)
·tl−→
R1
(J, t1, . . . , tl−1)
−→
R1
(J, U)
−→ 0
that
reg(R1/J) ≤ max


reg
(
R1
(J :t1)
)
+ 1, reg
(
R1
((J,t1):t2)
)
+ 1,
. . . . . . . . .
reg
(
R1
(J,t1,...,tl−1):tl)
)
+ 1, reg
(
R1
(J, U)
)
.
We now prove that each of the regularities appearing on the right hand side of the above
inequality is bounded above by ν(G).
Let H = G \NG[u
′
r] and {e1, . . . es} ∩ E(H) = {ei1, . . . , eik}. We have
reg(J, U) = reg(I(G′ \NG′ [u
′
r])) (by [5, Remark 2.5])
≤ reg((I(H)k+1 : ei1 · · · eik)) (by Lemma 4.5)
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Since H is a very well-covered graph and u2r /∈ (I(H)
k+1 : ei1 · · · eik), |WH(ei1 · · · eik)| < r.
Hence, by induction, we get
reg(J, U) ≤ reg(I(H)k+1 : ei1 · · · eik) ≤ ν(H) + 1 ≤ ν(G) + 1.
Let H = G \ NG[[ur]] and E(H) ∩ {e1, . . . , es} = {ei1 , . . . , eiℓ}. Since H is a very
well-covered graph and u2r /∈ (I(H)
ℓ+1 : ei1 · · · eiℓ), we have
reg(J : ti) = reg(I(G
′ \NG′[ti])) ≤ reg(I(H)
ℓ+1 : ei1 · · · eiℓ) (By Lemma 4.6)
≤ ν(H) + 1 (By induction hypothesis)
≤ ν(G),
where the last inequality follows since {f1, . . . , ft, [ur]} is an induced matching in G if
{f1, . . . , ft} is an induced matching in H .
Since ((J, t1, . . . , ti−1) : ti) corresponds to an induced subgraph of (J : ti), it follows
that
reg
(
R1
((J, t1, . . . , ti−1) : ti)
)
+ 1 ≤ reg
(
R1
(J : ti)
)
+ 1 ≤ ν(G).
Therefore, reg
(
R1
J
)
≤ ν(G). 
Now the main theorem can be derived as a consequence of the above results:
Theorem 4.8. Let G be a very well-covered graph. Then for all s ≥ 1,
reg(I(G)s) = 2s+ ν(G)− 1.
Proof. For any s ≥ 1, by [5, Theorem 4.5], we have 2s+ ν(G)− 1 ≤ reg(I(G)s). We need
to prove that reg(I(G)s) ≤ 2s + ν(G) − 1, for all s ≥ 1. We prove this by induction
on s. If s = 1, then the assertion follows from [24, Theorem 4.12]. Assume that s > 1.
By applying [3, Theorem 5.2] and using induction, it is enough to prove that for edges
e1, . . . , es of G, reg(I(G)
s+1 : e1 · · · es) ≤ ν(G)+1 for all s ≥ 1. This follows from Theorem
4.7. 
Since unmixed bipartite graphs are very well-covered graphs, we obtain
Corollary 4.9. [21, Corollary 5.1(1)] If G is an unmixed bipartite graph, then for all
s ≥ 1,
reg(I(G)s) = 2s+ ν(G)− 1.
For a graph G on n vertices, let W (G) be the whiskered graph on 2n vertices obtained
by adding a pendent vertex (an edge to a new vertex of degree 1) to every vertex of G.
Moghimian et al., [25, Theorem 2.5] proved that reg(I(W (Cn)
s)) = 2s+ ν(W (G))− 1
for all s ≥ 1 and Jayanthan et al. [21, Corollary 5.1(2)] proved that if G is a bipartite
graph, then reg(I(W (G))s) = 2s + ν(W (G)) − 1 for all s ≥ 1. Since whiskered graphs
are very well-covered graphs, we obtain asymptotic regularity expression for this class of
graphs as well:
Corollary 4.10. If G is a graph, then for all s ≥ 1,
reg (I(W (G))s) = 2s+ ν(W (G))− 1.
Next, we study the regularity of powers of edge ideals of join of very well-covered graphs.
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Definition 4.11. Let G1 = (V (G1), E(G1)) and G2 = (V (G2), E(G2)) be graphs with
disjoint vertex sets. The join of G1 and G2, denoted by G1 ∗ G2, is the graph on the
vertex set V (G1) ∪ V (G2) whose edge set is E(G1 ∗G2) = E(G1) ∪E(G2) ∪
{
{x, y} | x ∈
V (G1) and y ∈ V (G2)
}
.
It may be noted that for very well-covered graphs G1, . . . , Gk, the product, G1 ∗ · · ·∗Gk
is not necessarily a very well-covered graph. However, we obtain the linear expression for
reg(I(G1 ∗ · · · ∗Gk)
s), for all s ≥ 1.
Corollary 4.12. Let G1, . . . , Gk be very well-covered graphs with V (Gi)∩V (Gj) = ∅, for
all 1 ≤ i 6= j ≤ k. Then for all s ≥ 1,
reg(I(G1 ∗ · · · ∗Gk)
s) = 2s+max{ν(G1), . . . , ν(Gk)} − 1
Proof. By [5, Theorem 4.5] and [26, Lemma 3.14], for all s ≥ 1
2s+max{ν(G1), . . . , ν(Gk)} − 1 ≤ reg(I(G1 ∗ · · · ∗Gk)
s).
LetA = {G | reg((I(G)s+1 : e1 · · · es)) ≤ reg(I(G)), for any s-fold product e1 · · · es, s ≥ 1}.
By Theorem 4.7, it follows that G1, . . . , Gk ∈ A. Hence by [29, Theorem 4.4], we get
G1 ∗ · · · ∗ Gk ∈ A. Therefore, it follows from [29, Theorem 4.5] and [26, Lemma 3.14],
that for all s ≥ 1, reg(I(G1 ∗ · · · ∗ Gk)
s) ≤ 2s + max{ν(G1), . . . , ν(Gk)} − 1. Hence the
assertion follows. 
It follows from Theorem 4.8 that if G is a very well-covered graph, then reg(I(G)s) =
2s + ν(G) − 1 for all s ≥ 2. As a natural extension of this result, one tend to think
that the same expression may hold true for well-covered graphs. This is not the case.
For example, let I = (x1x2, x2x3, x3x4, x4x5, x5x1, x1x6, x6x9, x6x7, x7x8) and G be the
associated graph. It can be easily verified that G is a well-covered graph with ν(G) = 2,
but not a very well-covered graph. By [2, Corollary 3.8 and Theorem 5.3], for s ≥ 1,
2s + ν(G) − 1 < reg(Is) = 2s + ν(G) = 2s + 2. Also, there exist well-covered graphs G
such that reg(I(G)s) = 2s + ν(G) − 1 for all s ≥ 2. For example, if G = C5, then by
[5, Theorem 5.2], reg(I(G)s) < 2s + ν(G) − 1 for all s ≥ 2. Beyarslan et al. raised the
question for which classes of graphs the equality reg(I(G)s) = 2s + ν(G) − 1 holds for
s≫ 0, [5, Question 5.4]. This seems to be a rather tough question to answer. Therefore,
we would like to ask:
Question 4.13. Characterize well-covered graphs G for which reg(I(G)s) = 2s+ν(G)−1
for all s≫ 0?
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